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Introduction 

The questions of global topological classification of differential systems (i.e. defined by 
them foliations) have been considered for the first time in the work [1]. In it the criterion 
of global topological equivalence for real autonomous linear ordinary differential systems of 
general situation, in particular, has been received. Further the given problem was considered 
in [2] and has definitively been solved in [3]. Similar problems for real completely solvable 
autonomous linear differential systems in case of two independent variables were studied in 
[4], and in a case, when number of independent variables on 1 less then numbers of dependent 
variables, were studied in [5] and [6]. 

In a complex case global topological classification of autonomous linear ordinary differen- 
tial systems of general situation has been spent in [7 - 11] and in [12] given problem has been 
considered in a case of completely solvable autonomous linear differential systems. Besides, 
in the works [13 - 15] this question was studied for complex autonomous polynomial ordinary 
differential systems of the second order. 

For nonautonomous differential systems the problem of global topological classification 
was considered only for the scalar complex linear ordinary differential equation [16; 17]. 

It is necessary to notice, that all criteria of global topological equivalence of corresponding 
differential systems received only for integrated in the quadratures cases (that has essentially 
facilitated reception of these criteria) . 

In given article we will spend global topological [12; 18; 20 - 26], smooth [21; 22; 24 - 26], 
M -holomorphic [19; 24; 25] (in a complex case) and holomorphic [24; 26] classifications of 
nonautonomous linear differential systems and projective matrix Riccati equations [27], gen- 
erally speaking, not integrated in quadratures. 

1. Covering foliations and their classifications 

Definition 1.1. Let A and B he path connected smooth varieties of dimensions 
dim A = n and dim B = m. Smooth foliation ^ of dimension m on the variety A x B, 
locally transversal to A x {b} for all b £ B, we will name a covering foliation, if the 
projection p: A x B ^ B on the second factor defines for each layer of it foliation covering 
of the variety B. Thus variety A we will name a phase layer, and variety B we will name 
a base of covering foliation ^ . 

Definition 1.2. Let be a layer of the covering foliation 5", containing the point 
c £ A X B. The phase group P/i(5^, 6q), 6q G B, of the covering foliation ^ we will name 
the group of the diffeomorphisms Diff(yl, 7r]^(iJ, 6q)) of the actions on the phase layer A by 
fundamental group ^^{B^bQ) with noted point b^, defined under formulae 

<I>'^(a) = qo r o s(l) for all a £ A, for all 7 € T^iiB, 6q), 

where r is a lifting of one of ways s(r) C B for all r G [0,1], corresponding to the element 
7 of the group 7rj^(i?,6Q), on the layer d(^as{o)) covering foliation 5 in the point 

(a, s(0)), and q: A x B A is a projection to the first factor. 

It is easy to see, that owing to path connectivity and smoothness of the variety B, then 
phase groups Ph{^,bi) and Ph{^,b^ are smoothly conjugated for any two points 6^ and 
62 of the base B. Therefore further, as a rule, we will speak simply about of the phase 
group Ph{^) of the covering foliation 5, not connecting it with any point of the base B. 

Further by consideration of the questions connected with topological (smooth, R-holo- 
morphic, holomorphic) classifications of the covering foliations, we will believe everywhere, 
that their phase layers are homeomorphically (diffeomorphically, M-holomorphically, liolomor- 
phically) equivalent each other, and in two last cases covering foliations we will consider, ac- 
cordingly, holomorphic and R-holomorphic. Thus under M-holomorphism (holomorphism) we 
will understand bijective M-holomorphic (holomorphic) map, having M -holomorphic (holo- 
morphic) to themselves inverse map. 
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Definition 1.3. We will say that the covering foliation ^ on the variety x is 
topologically {smoothly, R-holomorphically, holomorphically) equivalent to the cov- 
ering foliation 5^ on the variety A2 x B2 if exists the homeomorphism {the diffeomorphism, 
the ^-holomorphism, the holomorphism) h: x ^ A2 x B2 such that 

q2 o h{Ai X B^) = A2, h{dlj = ^1^^^^ for all e A^ x B^, 

where ^2 0, projection to the first factor. 

Definition 1.4. We will say that the covering foliation on the variety A-^^ x B^ 
is embeddable {smoothly embeddable, ^-holomorphically embeddable, holomorphi- 
cally embeddable) in the covering foliation 5^ on the variety A2 x B2 if there is such 
embedding {smooth embedding, ^-holomorphic embedding, holomorphic embedding) 

h: A^x B^^ A2X B2, 
that o h{A^ x B^) = A2 and h{^lj ^ ^Mci) '^^^ e A^ x B^. 

Definition 1.5. We will say that the covering foliation on the variety A^x B-^ covers 
{smoothly covers, R-holomorphically covers, holomorphically covers) the covering 
foliation on the variety A2 x B2 if exists such covering {smooth covering, M.-holomorphic 
covering, holomorphic covering) h: A^ x B^ A2 x B2, that q2 o h{Ai x B^) = A2 and 
h{^lj ^ for all ci G A X ^i- 

Theorem 1.1. For topological {smooth, R-holomorphic, holomorphic) equivalence of the 
covering foliations and it is necessary and enough existence of the isomorphism 
of the fundamental groups 7ri{B^) and 7ri{B2), generated by the homeomorphism {diffeo- 
morphism, B.-holomorphism, holomorphism) g^: B^^ B2 of the bases, and existence of the 
homeomorphism {diffeomorphism, R-holomorphism, holomorphism) f : A-^ ^ A2 of phase 
layers such that 

/ o = $^(^1) o / for all 7i G 'it^{B{), (1.1) 

where G Ph{^^), 7^ G t^i{B^), ^ = 1,2. 

Proof. At first we will notice, that for the smooth (M-holomorphic, holomorphic) varieties, 
which are bases of the covering foliations, definitions of fundamental groups and their actions 
on smooth (M-holomorphic, holomorphic) phase layers by means of continuous and by means 
of smooth (M-holomorphic, holomorphic) ways arc equivalent. 

The necessity. Let the map h: A^ x B^ ^ A2 x B2 defines topological (smooth, M-holo- 
morphic, holomorphic) equivalence of the covering foliations and 5^. Map h induces the 
homeomorphism (the diffeomorphism, the M-holomorphism, the holomorphism) g^ = P2° h 
of bases B^^ and B2 which, in turn, induces the isomorphism ^: TTi{B-y) — t- TT-y{B2) of their 
fundamental groups. Let h\ is noted point of the variety B^- Then on the basis of definition 
1.2 and that fact that map h translates the layer 5^^^ in tbs layer 5^^^ ^0^, we come to 
relations (1.1), where f = q2° h. 

The sufRciency. Let for operations of phase groups Ph{^^) and Ph{^^) relations (1.1) 
are fulfilled at the homeomorphism (the diffeomorphism, the M-holomorpliism, the holo- 
morphism) g^ of bases B^ and i?2- We take the way s^: [0,1] ^B^ such that Si{0) = b^, 
Si{l) = bi- Also we will suppose 

h{ai,bi) = {l2^ o f oli{ai), gn{bi)) for all G for all 6^ G B^, (1.2) 

where /^(a^) = ^10 r^(l), q^ is a projection on the first factor, rj^(r) is a raising of the 

way Si on a layer of foliation in the point {a^jb^), l2^{o-2) — Q2 ° ''^2^('^)^ ''^2^i''') 
an outcome of a raising of the way 82^ — 9fi ° ^1^ ^ layer of foliation in the point 
(/ o li{ai),gij^{bi)), is a way, inverse to the way Si. 
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Now directly we come to a conclusion, that fiber bijective map (1.2) sets topological 
(smooth, R-hoIomorphic, holomorphic) equivalence of covering foliations and S^^. ■ 
Similarly to given theorem it is proved following two assertions. 

Theorem 1.2. For embedding [smooth embedding, M-holomorphic embedding, holomor- 
phic embedding) covering foliation in covering foliation it is necessary and enough ex- 
istence of the homomorphism (1 of fundamental group 'Ki{B'^) in fundamental group 7r^(B2), 
generated by the embedding (the smooth embedding, the ^-holomorphic embedding, the holo- 
morphic embedding) g^: B2 bases, and existence of the homeomorphism {the diffeo- 
morphism, the R-holomorphism, the holomorphism) /: ^4^ — >■ of phase layers such that 
relations (1.1) are carried out. 

Theorem 1.3. That covering foliation 5^ covered [smoothly covered, W -holomorphic 
covered, holomorphic covered) covering foliation it is necessary and enough existence of 
the monomorphism jjb fundamental group tt^[B^) in fundamental group 7r^(i?2), generated 
by the covering [the smooth covering, the R-holomorphic covering, the holomorphic covering) 
g^: B^ ^ B2 of the bases, and existence of the homeomorphism [the diffeomorphism, the 
W-holomorphtsm, the holomorphism) f : A-^ — ^ ^2 of phase layers such that relations (1.1) 
are carried out. 

Since theorems 1.1 - 1.3 reduce problems of topological, smooth, M-holomorphic, and 
holomorphic classifications of covering foliations to the problems of corresponding classifica- 
tions of their phase groups at morphisms (isomorphisms, homomorphisms, monomorphism) 
we will consider further questions of topological, smooth, M-holomorphic, and holomorphic 
conjunctions of phase groups of covering foliations, defined by the nonautonomous linear dif- 
ferential systems and projective matrix Riccati equations. 

2. Phase groups of covering foliations, 
defined by complex nonautonomous linear differential systems 

We will consider linear differential systems 

m 

dw = J2^jizi'---'Zm)'^dzj (2.1) 

j=l 

and 

m 

dw = ^Bj[zi,..., z^) w dzj , (2.2) 

ordinary at m = 1 and completely solvable [28] at m > 1, where w = [wi, . . . ,Wj^), square 

matrices A-{zi, . . . , z„) = 110^^^(2:1, ...,z^)\\ and Bj[z^, ...,z^) = Wk^kji^i^ of the 

size n consist from holomorphic functions a^^^ : j4 — )■ C and 6,-^^ : B ^ C, i,k = 1, . . . ,n, 

j = 1, . . . ,m, multiplication of matrixes we will carry out by multiplication of columns of 
the first matrix for corresponding lines of the second, path connected holomorphic varieties 
A and B are holomorphically equivalent each other, fundamental groups '!ri[A) and Tri[B) 
have final number z/ € N of the forming. 

The common solutions of linear differential systems (2.1) and (2.2) define covering folia- 
tions 2^ and accordingly, on varieties C" x ^ and C" x 

We will say that linear differential systems (2.1) and (2.2) are topologically [smoothly, 
M-holomorphically, holomorphically) equivalent if exists the homeomorphism (the diffeomor- 
phism, the M-holomorphism, the holomorphism) h: C" x A — > C" x B, translating layers of 
the covering foliation S,^ in layers of the covering foliation il^. 

Similarly we introduce the concepts of embedding (smooth embedding, ^.-holomorphic em- 
bedding, holomorphic embedding) and covering [smoothly covering, ^.-holomorphically cover- 
ing, holomorphically covering) of linear differential systems. 

4 
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The phase group Ph{£,^) of the covering fohation £^ is generated by the forming nonde- 
generate linear transformations Pj.w for all w G C", G GL{n,C), r = 1, . . . ,1/, and the 
phase group Ph{Q^) of the covering foliation is generated by the forming nondegenerate 
linear transformations Qj.w for all w G C", Q^. G GL{n, C), r = 1, . . . ,1/. 



3. Conjunctions of linear actions on C" 

We will consider a problem about a finding of necessary and sufficient conditions of exis- 
tence such homeomorphism (diffeomorphism, R-holomorphism, holomorphism) /: C" — )• C", 
that identities 

/(P^w) = QJ{w) for all w G C*, for all r G /, (3.1) 

take place, where f (w) = {fi{w) , . . . , /^{w)) , square matrices P^GGL(n,C), Q^GGL(n,C) 
for all r e I, I are some set of indexes. Group of linear actions on C", formed by the 
matrices P^ for all r E I, we will designate by L^, and through we will designate the 
similar group, formed by the matrices Q^. for all r £ I . Besides, further everywhere a set 
{A^, . . . , A„} of nonzero complex numbers we will name simple if 

l^k, k = l,...,n, l = l,...,n, 

and a square matrix of the size n > 1 we will name simple if it has simple structure and a 
simple collection of eigenvalues. 

Consider at first a topological conjunction of the Abelian linear groups L} and . In 
this case we will notice that if all matrices P,. (all matrices Q^) have simple structure, for 
all r £ I, they are reduce to a diagonal kind by the common transformation of similarity. 

Theorem 3.1 [16; 17]. For the topological conjunction (3.1) at n = 1 of linear groups 
and it is necessary and enough, that either 

Qr = Pr \Pr\'^i Re Q; > — 1 for all r e I, (3.2) 



or 



Qr = PrlPrl"'^ Re a > —1 for all r E I. (3-3) 



Proof. The necessity. We will assume, that conjugating homeomorphism / keeps orien- 
tation (a case, when homeomorphism / changes orientation, it is considered similarly). 

As rotations of a complex plane around of an origin of coordinates on the angles cp and 
-0, where — n < (p ^ tt, — tt < ^ tt, are topologically conjugated, if and only ii cp = ijj, 
that for all r G I with a condition = 1, we have q^. = p^, and, so, the relations (3.2) 
are carried out at any a. 

If \pj.^ I 7^ 1 and \p^^ I 7^ 1 for some and r2 from I, then 

sgn In \p^^ I = sgn In \p^^ \ . (3.4) 
It is easy to see, that there are such sequences {1^} and {m^} of integers, that 

lim p';p;''=l, (3.5) 
and moreover lim \lg\ = lim | m | = + oo . 

s^+oo s— >-+oo 

Prom identity (3.1) follows that 

f{Vr\P^^'w) = ql'^ C^" f{w) for all w G C, for aU s G N. 

Prom here taking into account (3.5) it is had, that 

lim q;q:^'=l. (3.6) 
5 



V.N.Gorbuzov, V.Yu.Tyshchenko 



Topological, smooth and holomorphic classifications 



Therefore from (3.5) and (3.6) for some values of logarithms we receive equalities 

In \Pr I m 

= - li?! ^ (3-7) 

and 

h InPr-i + ^s = h In <lr^ + 1^ • (3-8) 

Let's divide the left and right parts of equality (3.8) on Ig and we will pass to a limit at 
s — > + GO . Then taking into account (3.7) we will receive that 

In q^^ - In p^^ _ In q^^ - In p^^ 

Now, believing, that 

In q - In p 



we receive equality (3.2), where a = a^^. Besides, from (3.9) follows that = a,.^ = a for 
all and from / taking into account that \p^^ \ ^ 1 and \pj.J / 1. And, at last, the 

In Iq^. I 

inequality Rea > — 1 follows from equalities Re a = Re a = — j — ^ — 1 and (3.4). 

1 In \p.,^ I 

The sufRciency is proved by construction of conjugating homeomorphism f{w) = ^w\w\°' 
for all u) G C at performance of relations (3.2); and f{w) = 'yw\w\°' for all it; G C at 
performance of relations (3.3). ■ 

Theorem 3.2. Let at n > 1 the matrices 

= S'diag{pi^, . . . ,p^^}S-^, Q., = Tdiag{(?i^, . . . ,(?„,.}T-\ 

and the matrixes In and In he simple for all r & I. Then for the topological conjunction 
(3.1) of linear groups and it is necessary and enough existence of such permutation 
q: (1, . . . , n) — >■ (1, . . . , n) and complex numbers aj^ with Re ccfe > — 1, A; = 1, . . . , n, that 
either 

^e{k)r = Pkr\Pkrf'' for all r ^ I , k = l,...,n, (3.10) 

or 

%{k)r = Pkr IPkT'' for ah r G /, k = l,..., n. (3.11) 

Proof. With the help of replacement ^{w) = T~^f[Sw) for all w G C", from identities 
(3.1) we pass to identities 

C(diag{pi^, . . . ,Pnr}w) = diag{gi^, . . . , ^{w) for all w G C", for all r G /. (3.12) 

Therefore the topological conjunction of linear groups and is equivalent to perfor- 
mance of identities (3.12). 

The necessity. Let identities (3.12) are carried out. Holomorphism Uj,{w) = P^w for all 
u; G C" (holomorphism Vr{w) = Q^w for all w G C") defines on space C" the invariant 
holomorphic foliation il^ (the invariant holomorphic foliation QJ^,) of complex dimension 1, 

defined by the basis of nondegenerate absolute invariants [29] w'^^'^^'^'^Wn^'''^ , k = 1, . . . , n — 1 

(by the basis of nondegenerate absolute invariants w'j^^^ '^"''w^n , k = l,. . . , n—1) for all r G /. 
We will designate through Cfe the coordinate complex plane tw^ = 0, I ^ k, I = 1, . . . ,n, 

o 

and through Cfc we will designate the coordinate complex plane with the pricked out an 
origin of coordinates, k = 1, . . . , n. 

As matrixes InP^ (matrixes InQ^) are simple for all r & I, that at: 

6 
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1) M ( J^i^ R ) , the closure of each of hypersurfaces k;"'"^"- Wn^"^ = 

and Wj. wJr^'"' = C'fc at 7^ contained the hyperplane = 0; 

2) —Ekr_ d. Q I — ^ d. Q ] closure of each of hypersurfaces wZ^^^"^^ Wn^''^ = Cj. and 

y^^in^nr yj^'^kr = (j^ (j^ ^ Q coutain thc points, which are doing not belong to this 
hypersurface; 

3) 1^ € Q, 1^ / -1 g f^p^ ^Q^^p^^ , e closure 

of each of hypersurfaces w'^^'^^"'' Wn^'^'^ = Cj^ and tu^^^"^"'' luj^^'"' = C*/; at 7^ or 
contain many-sheeted (multivalent) covering of hyperplanes Wj^ = 0, or does not contain 
the fixed point O G C" of the holomorphisms Uj.{w) for all u; G C", and v^{w) for all 
u; G C"; A: = 1, . . . , n - 1, for all r G I . 

o o 

Therefore the layers = Cfe (the layers D^, = Cfe), /c = 1, . . . , n, of the foliation il,. (of 
the foliation 2J^), are homeomorphic to each other and are not homeomorphic to any other 
layers of this foliation, for all r G I. 

So, conjugating homeomorphism ^ : ^ C" takes the layer Uj^. of the foliation il^ to 
the layer O^^j^.^ of the foliation = 1, . . . , n, for all r G /. Besides, from identities (3.12) 

follows that an origin of coordinates of space C" is a fixed point of the homeomorphism ^. 

Then at it projections of the homeomorphism : — >■ C are that, that their restrictions 
^k'- '^k^ '^p{k) homeomorphisms and 

^p(k){Pkr'^k)=1p{k)r^p{k){'^k) for all Wf^ = {0,...,0,Wf^,0,...,0), k = l,...,n, for all re I. 

Prom here on the basis of Theorem 3.1 we come to conclusion, that there are such complex 
numbers a/^ with ReQ;j,> — 1, that one of relations (3.10) or (3.11), fc = 1, . . . , n, is carried out. 

The sufEciency is proved by the construction of conjugating homeomorphism ^ : C" — t- C" 
such that its projection (,pi^f.^iw) = 7^""^^ l^fcl"'' for all w G C" if relations (3.10) take place; 

and its projection ^p(^f.^{w) = Ik^k I'^^itl"'' w e if relations (3.11) take place; 

k = 1, . . . ,n. ■ 

Consider now a topological conjunction of the non-Abelian linear groups and L^. 

Theorem 3.3. Prom a topological conjunction of the non-Abelian linear groups and 
L? of general situation follows them ^-holomorphic conjunction. 

Proof of the theorem 3.3 directly follows from following two auxiliary statements (the 
lemmas 3.1 and 3.2). 

Lemma 3.1. Let at n = 1 and I = {1,2} linear groups and are topological 
conjugated, and the group of subgroup C* of nonzero complex numbers on multiplication, gen- 
erated by numbers Pn and Pi2, is dense in the set C of complex numbers. Then conjugating 
homeomorphism f is set either by the formula f{w) = \w\°' for all w E C, or by the 
formula f{w) = 'yw\w\'^ for all w e C, where Rea > — 1. 

Proof. Let conjugating homeomorphism / keeps orientation (the case when it changes 
orientation, it is considered similarly). Owing to the theorem 3.1 relations 

Qir=Pir\PiX' '^ = 1,2, Rea>-1, 
take place. On the basis of identities (3.1) we come to conclusion about justice of equalities 
f{piiP^) = fi^)p[^Pl'^ IpJ^P™!'^ for all I G Z, for all m G Z. 

7 
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Owing to density of our subgroup of group C* in the set C of complex numbers it is 
had, that for any complex number ii; G C there are such sequences {lg{w)} and {mg{w)} 
of integers, that lim p's^"')^™^'^'^) = lim \lg{'w)\= lim \mg{w)\= +00. Prom here 

we receive the first representation of the statement of a lemma, where 7 = /(I). ■ 
Lemma 3.2. Let the matrices 

Pj. = S^diag{pij., . . . ,p^^j,} ^, Qj, = T^diagjgj^^, . . . ,g„^}T^ ^, 

and the matrixes InP^ and InQ^ are simple for all r E I. Then from a topological con- 
junction of non-Abelian linear groups and of general situation follows them 'R-linear 
conjunction {i.e. homeomorphism /: — >■ C" in identities (3.1) is nondegenerate linear 
M -holomorphic transformation). 

Proof. Let identities (3.1) take a place. By means of replacement ^{w) = T^^ f{Siw) for 
all w G C" from them we pass to identities 

^(diag{pii, . . . ,Pr,i}w) = diag{gii, . . . ,g„i}C(«^) for all w G C*. (3.13) 

Now similarly, as well as at the proof of the theorem 3.1. we come to conclusion, that 
an origin of coordinates of space C" is a fixed point of the homeomorphism ^, and its 
projections : C" — > C are that, that relations 

Cp(fc)(0, . . . , 0,p^^w^, 0, . . . , 0) = .ep(fc)(0, . . . , 0, 0, . . . , 0), 

^l{0,. . . ,0,w^,0,. . . ,0) =0 for all u;^. G C, l^p{k), 1 = 1,. ..,n, k = l,...,n, 

take place; where p: (1, . . . , n) — >■ (1, . . . , n) is some permutation. 

From here in case of general situation on the basis of relations (3.1), the theorem 3.2 and 
lemma 3.1 we come to conclusion about justice of identities 

^p(ifc)(0'---'0''fi^fe'0'---'0) =7jfc<kjtl"'= for all Wj^. G C, ReQ!^>-l, k = l,...,n, 

where = Wi^'VWf^, k = 1, . . . ,n. Prom these identities further we come to relations 

^p(fc)(^) = (1 + y^pik^^)) for all w G C", Rea, > - 1, 

(3.14) 

</:>^(^)(0,...,0,i/;fc,0,...,0) = for all u;^ G C\{0}, k = l,...,n. 

Now on the basis of identities (3.13) it is had, that (^j.(diag{p]^^, . . . ,p^i}w) = fkiw) for 
all w G C"", k = 1, . . . ,n. Considering relations (3.14) and basis of nondegenerate absolute 
invariants of foliation il^^ from the proof of the theorem 3.2, we receive representations 

(3.15) 

. . . for all ^« G C", k = l,...,n, 

where functions are continuous on the arguments, k = 1, . . . ,n. 

Taking into consideration noncommutativity of linear groups and identity (3.13), on the 
basis of relations (3.14) and (3.15) taking into account simplicity of matrixes from a lemma 
condition we come to its statement. ■ 

Consider cases of smooth, R-holomorphic and holomorphic conjunctions of linear groups 
and L^. 

Theorem 3.4. Linear groups L^ and L^ are smooth (R-holomorphic) conjugated if and 
only if they are M.-linearly conjugated. 

Proof. The necessity. Let linear groups L^ and L^ are smooth (R-holomorphic) conju- 
gated. Then identities (3.1) take place at the diffeomorphism (at the M-holomorphism) /. 
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Calculating in them full differential in the point w = we have 

D^/(0)P^du; + D^f{Q)P^dw = Q, D^/(0) dw + Q, D^/(0) dw for all r G /. 

Therefore M-linear transformation D^/(0)ti; + Djjjf[Qi)w for all w € defines the 
conjunction (3.1). As map / is a diffeomorphism (an M-holomorphism) , it is nondegenerate. 
The sufEcicncy is proved by direct calculations. ■ 
Similarly we prove the following statement. 

Theorem 3.5. Linear groups and !?■ are holomorphic conjugated if and only if they 
are linearly conjugated. 

4. Applications to the complex nonautonomous linear differential systems 

Theorems 3.1, 3.2, 3.4, 3.5 and Lemma 3.2 allow on the basis of Theorems 1.1 - 1.3 
to spend topological, smooth, M-holomorphic and holomorphic classifications of complex 
nonautonomous linear differential systems of a kind (2.1). Besides, from the theorem 3.3 it is 
had such statement. 

Theorem 4.1. From topological equivalence of complex nonautonomous linear differen- 
tial systems with non-Abelian phase groups of general situation follows them ^.-holomorphic 
equivalence. 

From the theorem 4.1 follows that in the case of two and more dependent variables complex 
nonautonomous linear differential systems with coefficients, holomorphic on path connected 
holomorphic varieties with non-Abelian fundamental groups, are structurally unstable. 

Let's result now concrete examples. 

Consider the following linear equations: ordinary differential 

^ = yy^^w (4.1) 



and 



dz 



7l 1=1 (^ ^r2) 



integral 



and 

1 



integral-differential 



/ r=l 1=1 (z-^rl) ,=iVVC-^rl 





• exp 

and 



(4.5) 
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, ^ I' %2 



Kl2 



r=l 1=1 ^r2J r=l 




(4.6) 



• exp 



1=2 ^{z-^r2) (C-^r2) /// 



where A^.^ and Ay,^2 complex numbers, the path from integrals (4.3) — (4.6), connecting 
points and 1, are homeomorphic to segments and do not pass through points z^^ and 
22r> r = l,...,u. 

The common solutions of the linear equations (4.1), (4.3), and (4.5) define the same 
covering foliation £^ on the variety C x F^, and the common solutions of the linear 
equations (4.2), (4.4), and (4.6) define the same covering foliation £^ on the variety 
C X where (accordingly, F2) is an open complex plane with u eliminated points 
Zj.^, r = l,...,i/ (with v eliminated points z^2j f = l,...,z^). The phase group Ph{2^) 
of covering foliation 2,^ is generated by nondegenerate linear transformations Pj.w for all 
w G C, r = 1,... ,1/, and the phase group Ph{2!^) of covering foliation ii^ is gener- 
ated by nondegenerate linear transformations qj.w for all w G C, r = 1, . . . , z/, where 
= exp(27riA^]^;^), = exp(27ri A^]^2) ; r = l,...,v, 1^ = —1. 

Owing to Theorems 3.1 and 1.1 it is received the following statement. 

Theorem 4.2. For topological equivalence of covering foliations S? and £^ it is neces- 
sary and enough existence of such permutation x: {\ . . . v) ^ {1 . . . v) and complex number a 
with Re a 7^ - 1, that either q^^^^ = p^ \Pr\°' , r = l,...,iy, or g^^^^ = p^ r = 1,... ,1^. 

Notice that the linear ordinary differential equations (4.1) and (4.2) in special case r)^-^ = 
= ?7,.2 = 1, = z,.2, r = are considered in [17]. Besides, set example shows 

possibility of application of the device of covering foliations for the mathematical objects 
which arc distinct from differential systems. 

Consider linear ordinary differential systems 

— = A^{z)w (4.7) 

and 

^=B,iz)w, (4.8) 

where square matrices A-^{z) = \\a^j^i{z)\\ and B-^{z) = \\bj^i.i{z)\\ of the size n, n > 1, consist 
from 1-periodic holomorphic functions a^^.-^ : C — >■ C and b^^.-^ : C — > C, i, k = 1, . . . ,n. 

The common solutions of linear ordinary differential systems (4.7) and (4.8) define covering 
foliations 2,^ and accordingly, on the variety C"^ x Z, where Z is the cylinder x M, 

is an unit circle. The phase group Ph{2^) of covering foliation £^ is generated by 
nondegenerate linear transformation P^w for all w G C*, G GL{n,C), and the phase 
group Ph{£,^) covering foliation is generated by nondegenerate linear transformation 
Q^w for all w G C", G GL(n,C). 

Prom here on the basis of Theorems 3.2 and 1.1 it is had such statement. 

Theorem 4.3. Let at n > 1 the matrices 

Pi = 5diag{pn, ■ ■ ■ ,Pni}S-\ Qi = rdiag{gn, ■ ■ ■ , Qni}T-\ 

the matrixes InP^ and InQ^ are simple. Then for topological equivalence of linear ordinary 
differential systems (4.7) and (4.8) it is necessary and enough existence of such permutation 
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q: (1, . . . ,n) — (1, . . . ,n) and complex numbers with Rea^ / — 1, A; = 1, . . . ,n, that 
either 9^(^)1 = IftiTs or g^(fc)i = ll^fciT^ fc = l,...,ra. 

Now we will consider linear ordinary differential systems (4.7) and (4.8) in a case 
when square matrices A^{z) and B-^{z) of the size n consist from holomorphic func- 
tions a^y.-^: r^' — >■ C and 6^^^ : C, i = l,...,n, A; = l,...,n. In this case the 
common solutions of linear ordinary differential systems (4.7) and (4.8) define covering fo- 
liations £^ and S?', accordingly, on the varieties C"^ x T\ and x The phase 
group Ph{2,'^) of covering foliation is generated by nondegenerate linear transforma- 
tions P^w for all w € C", G GL(n,C), r = and the phase group Ph{2,^) 
of covering foliation £^ is generated by nondegenerate linear transformations Qj.w for all 
w e C", P^ e GL{n, C), r = l,...,iy. 

In a commutative case on the basis of Theorems 3.2 and 1.1 we receive the statement. 

Theorem 4.4. Let at n > 1 the matrices 

P^ = Sdiag{p^^, . . . ,Pnr}S''^ [Qr = Tdiag{q^^, . . .,q^^}T-^), 

the matrixes InP^ and InQ^ are simple, r = l,...,u. Then for topological equivalence of 
linear ordinary differential systems (4.7) and (4.8) it is necessary and enough existence of such 
permutations h: (1, . . . , z/) — >■ (1, . . . , i/), q: (1, . . . , n) — >■ (1, . . . , n) and complex numbers ccj, 
with Reaj^. 7^ — 1, k = 1, . . . ,n, that either 

«^(ik)x(r) =^'ferbfcr-r^ k = 1, . . . ,n, r = l,...,u, 

or 

1e{k)><{r)=Pkr\PkT'^ A; = l,...,n, r = l,...,u. 

In a noncommutative case on the basis of Lemmas 3.1, 3.2 and Theorem 1.1 we have 
concrete constructive criteria of topological equivalence of differential systems (4.7) and (4.8). 

5. Phase groups of covering foliations, defined by complex nonautonomous 

projective matrix Riccati equations 

We will consider homogeneous projective matrix Riccati equations [30] 

m 

dv = '^^j{z^,...,z^)vdZj (5.1) 

and 

m 

dv = ^^j{z:i^,...,z^)vdzj, (5.2) 
j=i 

ordinary at m = 1 and completely solvable at m > 1 , where v = {v-^^, . . . ,v^_^_l) 
are homogeneous coordinates, square matrices ^2lj(zi, . . . , z„J = ||a,-^j(z;^, . . . , z„J|| and 
^j{z^, . . . , z^) = \\ii^j^j{z-^, . . . , 5^^)11 of the size n + 1 consist from holomorphic functions 
Oj^,^- : A ^ C and b^f^j : i? — > C, i = 1, . . . , n + 1, A; = 1, . . . , n + 1, j = 1, . . . , m, path 
connected holomorphic varieties A and B are holomorphically equivalent each other, fun- 
damental groups TTi{A) and 7Ti{B) have final number G N of the forming. 

The common solutions of homogeneous projective matrix Riccati equations (5.1) and (5.2) 
define covering foliations and accordingly, on the varieties CP" x A and CP" x B . 
We will say, that homogeneous projective matrix Riccati equations (5.1) and (5.2) are topologi- 
cally [smoothly, W -holomorphically, holomorphically) eguiwaZeni, if exists the homeomorphism, 
(the diffeomorphism, the M-holomorphism, the holomorphism) h: CP" x ^4 — > CP" x B, 
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translating the layers of the covering foliation in the layers of the covering foliation . 
Similarly we introduce the concepts of embedding {smooth embedding, -holomorphic embed- 
ding, holomorphic embedding) and covering {smoothly covering, M.-holomorphicaUy covering, 
holomorphically covering) of homogeneous projective matrix Riccati equations. The phase 
group of the covering foliation is generated [30] by the forming nondegenerate 

linear-fractional transformations P^v for all v G CP", G GL{n + 1, C), r = I, . . . ,1/, and 
the phase group Ph{^^) of the covering foliation is generated by the forming nondegener- 
ate linear-fractional transformations Q^v for all v G CP", G GL{n-\- 1, C), r = \, . . . ,v. 

6. Conjunctions of linear-fractional actions on CP" 

Now we will consider a problem about a finding of necessary and sufficient condi- 
tions of existence such homeomorphism (diffeomorphism, M-holomorphism, holomorphism) 
/: CP" CP", that identities 

f{P^v) = Q.,f{v) for all v G CP", for all r G I, (6.1) 

take place, where f{v) = {fi{v), . . . square matrices 

P^ G GL{n + 1, C), G GL{n + 1, C) for all r e I. 

Thus group of linear-fractional actions on CP", formed by the matrices P^ for all r e I 
(by the matrices for all r G /), we will designate through PL^ (through PL?'). 

Consider at first a topological conjunction of the Abelian linear-fractional groups PL^ 
and PL^. 

Lemma 6.1. Let at n = \ linear-fractional groups PL^ and PL?' he topological con- 
jugated. Then normal Jordan forms of the matrices P^ and Q^, defining by nonidentical is 
linear-fractional transformations, have identical number of blocks of Jordan, for all r G L . 

Proof of the given statement is spent on the basis of that fact, that the quantity of fixed 
points of linear-fractional transformations coincides with the number of eigenvectors of the 
matrices, defining by these transformations. ■ 

On the basis of Lemma 6.1 by direct calculations we come to such statement. 

Lemma 6.2. For a topological conjugation at n = 1 of Abelian linear-fractional groups 
PL^ and PL^ it is necessary, that normal Jordan forms of all matrices P^ and Qj., defining 
by nonidentical linear-fractional transformations, for all r & L, had identical number of blocks 
of Jordan. 

Theorem 6.1. Let at n = 1 the matrices 

P^ = SdieLg{p-^^j.,p2r} for all r e L, = Tdia.g{q^j.,q2r}T~^ for all r e L. 

Then for a topological conjunction of linear-fractional groups PL^ and PL^ it IS necessary 
and enough, that either 

Re a 7^ - 1, for all r e L, (6.2) 

Re a 7^ -1, for all r e L. (6.3) 

Proof. With the help of replacement $,{v) = T~^f{Sv) for all v G CP^, from identities 
(6.1) at n = 1 wc pass to identities 

^{diag{pi^,P2r}v) = diag{qi^,q2r}^iv) for all G CP\ for all r G /. (6.4) 

Therefore the topological conjunction of linear-fractional groups PL^ and PL^ is equiv- 
alent to performance of identities (6.4). 
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The necessity. Let identities (6.4) are carried out. 

If all = 1 for all r G I from (6.4) it is had, as — = 1 for all r G I. Therefore in 

P2r l2r 

this case relations (6.2) are carried out at any a with Rea 7^ — 1. 

Let now 7^ 1, r G /. On the basis of identities (6.4) it is received, that either 

P2r 

C(C^i) = Oi, or ^(Oi) = O2, where (the origings of coordinates of the affine cards 

= {v, ^ 0} of the atlas M of variety CP^), r = 1,2, are the common fixed points of 
linear-fractional transformations diag{p^^,P2r-} for all v&CP^, and diagj^^^, §27-} ^ fo^ 
all V e for all rel. 

If ^{Oi) = Oi, then on the basis of Theorem 3.1 we do a conclusion, that at Re a > — 1 
take place either equalities (6.2), or equalities (6.3). 

If ^{Oi) = O2, then with the help of replacement (^{v) = (C2('^)' ^i(^)) ^'^^ ^ CP^, 
we come to the previous case and as a result it is received either equalities (6.2) at Rea < —1, 
or equalities (6.3) at Re a < — 1. 

The sufRciency is proved by construction of conjugating homeomorphism 

^(^) = (7i^'il^'ir> 72^'2l^'2r) for all v e CP\ 
in case of performance of relations (6.2), and by construction of conjugating homeomorphism 

^{v) = (ti^JiI^^iI", 72^21^21") for all V G CP\ 
in case of performance of relations (6.3). ■ 
Theorem 6.2. Let at n > 1 the matrices 

P^ = 5diag{pi^,...,p„+i,.}5-\ = Tdiag{gi^, . . . , ,.}r-\ 

Plr 1^ Pnr I I i„ llr i„ ^nr 



sets of numbers < In — , . . . , In > and < In — , . . . , In > are simple, for 

I Pn+l,r Pn+l,r J I Qn+l,r 1n+l,r J 

all r £ I. Then for a topological conjunction of linear-fractional groups PL} and PL^ it is 
necessary and enough existence of such permutation g: (1, . . . ,ra + 1) — >■ (1, . . . ,ri + 1) and 
complex number a with Rea > — 1, that either 



^S(k)r _ Pkr 



^e{n+l)r Pn+l,r 

or 



Pkr 



Pn+l. 



1e{k)r _ Pk 



r 



^e(n+l)r Pn+l,r 



Pk 



r 



Pn+l,' 



for all r E L, k = 1, . . . ,n, (6-5) 



for all r G /, k = 1, . . . , n. (6-6) 



Proof. With the help of replacement ^{v) = T ^f{Sv) for all v G CP"', from identities 
(6.1) we pass to identities 

^{dingiPir, ■ ■ ■ ,Pn+i,r}v) = diag{gi^, . . . ,g„+i,J^(v) for all v G CP", for all r G I. (6.7) 

So, the topological conjunction of linear-fractional groups PL^ and PL^ is equivalent to 
performance of identities (6.7). 

Thus, not belittling a generality, we will consider, that conjugating homeomorphism ^ 
leaves invariant the common fixed points (the origins of coordinates of the affine cards 

= {v, / 0} of the atlas M of variety CP"), r = 1, . . . , -|- 1, of nondegenerate 
linear-fractional transformations 

diag{pi^, . . . ,Pn+i,r}'" for all v G CP", for all r G /, (6.8) 

and 
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diag{g^,., . . . , Q'^^^ for all f G CP", for all r G /, (6.9) 

(that always we can achieve by nondegenerate linear- fractional transformation). 

The necessity. Let identities (6.7) are carried out. Nondegenerate linear-fractional trans- 
formations (6.8) (linear-fractional transformations (6.9)) define on space CP" invariant holo- 
morphic foliations (t^ (invariant holomorphic foliations 2)^) of complex dimension 1, defined 
by basis of nondegenerate absolute invariants 

^in(P„./P„,,.) ^in(P„,,./P..) ^i^Mnr) ^ = i_ . ^ „ _ 1^ for all r G 7 
(by basis of nondegenerate absolute invariants 

ln(g„,/g„+,,J ln(g„^,,,/9,J l„(g^^/,„^) for all r G 7) 

Vf^ ^n-t-1 ' K — L, . . . ,n i, lor an r fc J j. 

Considering, that conjugating homeomorphism takes the layers of the foliations (t^. to 
the homeomorphic to them the layers of the foliations 2)^ for all r & I, and also taking into 
consideration simplicity of sets of numbers from a theorem condition, we come to conclusion, 
that homeomorphism ^ translates Riemann spheres 

Cig:vj^ = 0, k I, kj^s, s I, k = l,...,n + l, 

in Riemann spheres of a kind C^j, j ^ i, and all homeomorphisms of Riemann spheres 
simultaneously either keep, or change orientation. 

Let homeomorphisms of Riemann spheres keep orientation (the case of homeomorphisms, 
changing orientation, it is considered similarly). Then owing to a course of the proof of 
Theorems 3.2 and 6.2 we come to conclusion, that in the affine card M^_^_^ = {v, ^ 0} 
relations 



^g(fc)r _ Pkr 



1g{n+l)r Pn+1,: 



Pkr 



Pn+l,r 



k = l,...,n, 



are fulfilled and at complex numbers a^^ the real parts Rea^, > — 1, k = 1, . . . ,n, are 
carried out. Taking into consideration last equalities, and also that fact, that in identities 
(6.7) vectors {pi^, ■ ■ ■ ,Pn+i,r} {lir^ • • • ' 1n+i,r} defined to within scalar multipliers, 
for all r £ I, and spending similar reasonings in other affine cards M^, r = 1, . . . ,n, we 
come to conclusion, that = a, k = 1, . . . ,n. As a result we come to the relations (6.5). 

The sufEciency is proved by the construction of conjugating homeomorphism ^: CP" 
CP" such that its projection 

= Tfe^J^J" for all G CP", k = l,...,n + l, 

if relations (6.5) take place; and its projections 

= l^fel" for all V G CP", k = l,...,n + l, 

if parities (6.6) take place. ■ 

Consider now a topological conjunction of the non-Abelian linear-fractional groups PL^ 
and PL2. 

Theorem 6.3. From a topological conjunction at n = 1 of non-Abelian linear-fractional 
groups PL^ and PL^ of general situation follows them ^^-holomorphic conjunction which 
is carried out by either nondegenerate linear-fractional, or nondegenerate antiholomorphic 
linear-fractional transformations. 

Proof of Theorem 6.3 directly follows from the following auxiliary statement. 
Lemma 6.3. Let at n = 1 and I = {1,2} linear-fractional groups PL^ and PL^ are 
topological conjugated, and conjgating homeomorphism f is such that: 

1) /(0J = 0„ T = l,2; (6.10) 
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2) either 

f{\v^,v^) = {X\XrfMJ2{v)) forallveCP\ Rea>-1, (6.11) 

or 

f{Xv^,v^) = (A|Ar/i(t;),/2(i;)) for all v G CP\ Rea > - 1; (6.12) 

3) f{avi+bv^,cv^+dv2) = {Af^{v)+Bf^{v),Cf^{v)+Df^{v)) for all veCP\ |6| + |c|>0; 



A s^ 







C Dj 


= t[ 


1 















are 



such that \n\ ^ 1, \e\ ^ 1, S = (^* M , T = 

Re(/3-a)ln^ - Im (/3 - a) arg^ 7^ 0; 

5) i/ie subgroup of the group C* of nonzero complex numbers on the multiplication, formed 

by numbers A and ^ , is dense in the set C of complex numbers. 
a* 

Then at (6.11) this gomeomorphism has a kind f{v)= {v^\vi\°' , V2\v2\°') for all v G CP^; 
and at (6.12) this gomeomorphism has a kind f{v) = {vi\vi\°', V2\v2\°') for all v G CP^. 

Proof. Owing to relations (6.10) — (6.12) we come to conclusion, that ln||Lt|ln|0| > 0. 

Let the identity (6.11) is carried out (a case, when the identity (6.12) takes place, is 
considered similarly). On the basis of (6.11) and conditions 3 of given lemma it is had 
following relations in the card M2 of the atlas M of variety CP^ : 

^(^Xk(^pmy^2^ = A'=|A|'=°(g™)V(^^^) for all G M2, for all k,l,m G Z. 

Passing in them to a limit at m— > — 00 if \fx\ > 1, and passing in them to a limit at 
m ^ +00 if < 1, we receive, that 

Prom the condition 5 of lemma follows, that for any complex number w E C there are such 
sequences {kg{w)} and {Igiw)} of integers, that 

lim A''»("') =w, lim \kg{w)\ = lim 1^3(^)1= +00. 

s— >-+oo \d^ J s— ^+00 s— >-+oo 

Prom here on the basis of the relations (6.13) it is had, that 



lj;(v^) = -t;2 b2|a^ * fo^ all G M2. 



7^ 1, and from a condition 4 



Now from the condition 5 of given lemma follows, that 

/5 \(/3-a)/,(t;2) 

of given lemma follows, that lim ( -p ) = 1. As a result it is received the first 

s-,+oo\d^J 

representation from a condition of the lemma 6.3. ■ 

Theorem 6.4. From a topological conjunction at n > 1 of non-Ahelian linear- fractional 
groups PL^ and PLP' of general situation follows them "^-holomorphic conjunction. 

Justice of the given theorem follows from the following auxiliary statement. 

Lemma 6.4. Let at n > 1 the matrices 

P^ = Sj.diag{pij., . . . ,p^_^_i ,i.} Sj. ^, Qj. = T^diagj^j^^, . . . , ^, 

15 



V.N.Gorbuzov, V.Yu.Tyshchenko 



Topological, smooth and holomorphic classifications 



sets of numbers I In , . . . , In ^"^ > and < In ^^'^ , . . . , In ^ are simple, for 



Pn+l,r Pn+l,r ) I 1n+l,r ?n+l,r 

all r E I. Then from a topological conjunction of non-Abelian linear-fractional groups PL^ 

and PL? of general situation follows them '^-holomorphic conjunction which is carried out 
by either nondegenerate linear-fractional, or nondegenerate antiholomorphic linear-fractional 
transformations. 

Proof. Let identities (6.1) are carried out. With the help of replacement ^{v) = T^^ f{Siv) 
for all V G CP", from them we pass to identities 

^(diag{pii, . . . ,Pn+i,i}v) = diag{gii, . . • , for all v G CP". (6.14) 

Similarly, as well as at the proof of the theorem 6.2, we come to conclusion, that conju- 
gating homeomorphism ^ leaves invariant the common fixed points O^, r = 1, . . . , n + 1, of 
the linear-fractional transformations (6.8) and (6.9) at r = 1. 

Let homeomorphisms of all Ricmann spheres C^^, s ^ I, keep orientation (the case of 
homeomorphisms, changing of orientation, it is considered similarly). Then on the basis of 
the theorem 3.2, lemmas 3.1, 3.2 and a course of the proof of the theorem 6.2 we come to the 
statement of the lemma 6.4. ■ 

Consider smooth, R-holomorphic and holomorphic conjunctions of Abelian linear-fracti- 
onal groups PL^ and PL^. 

Theorem 6.5. Let the conditions of the theorem 6.1 are satisfied. Then for a smooth {an 
^-holomorphic) conjunction of fractional-linear groups PL^ and PL^ it is necessary and 
enough, that either 

/ \ ^ 

llr _ I Pkr \ j^^ ^^j^ 



l2r \Pn+l,r 

or 



llr _ ( Pkr \ j^^ ^ g J. ^2 



Q2r \Pn+l,r 

Proof of the given statement is similar to the proof of the theorem 6.1 and is based on the 
theorem 3.4. ■ 

Theorem 6.6. Let the conditions of the theorem 6.2 are satisfixid. Then for a smooth {an 
'^-holomorphic) conjunction of fractional-linear groups PL^ and PL^ it is necessary and 
enough existence of such permutation g: (1, . . . , n + 1) (1, . . . , n + 1), that either 

1e{k)r _ Pkr 



1e{n+l)r Pn+l,r 

or 

^e(fc) r _ Pkr 



^0(n+l)r Pn+l,r 



for all r E L, k = 1, . . . ,n, 



for all r & L, k = 1, . . . ,n. 



Proof of the statements is carried out with use of a course of the proof of the theorem 6.2 
by differentiation of identities (6.7). ■ 

Similarly to Theorems 6.5 and 6.6 it is received such statements. 

Theorem 6.7. Let the conditions of the theorem 6.1 are satisfied. Then for a holomorphic 
conjunction of fractional-linear groups PL^ and PL^ it is necessary and enough, that 

Qir _ ( Pkr \ all re I, £2 = 1. 



l2r \Pn+l, 

Theorem 6.8. Let the conditions of the theorem 6.2 are satisfied. Then for a holomorphic 
conjunction of fractional-linear groups PL^ and PL^ it is necessary and enough existence 
of such permutation g: (1, . . . , n -|- 1) (1, . . . , n -|- 1) , that 
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%{k)r ^JPkr_ for all re I, fc = l,...,n. 

^Q{n+l)r Pn+l,r 

And, at last, we will consider smooth, M-holomorphic and holomorphic conjunctions of 
non-Abelian linear-fractional groups PL^ and PL^. 

Theorem 6.9. Let the conditions of the lemma 6.3 are satisfied. Then for a smooth conj- 
unction of non-Abelian linear-fractional groups PL^ and PL^ of general situation it is neces- 
sary and sufficient them conjunction, which is carried out by either nondegenerate linear-frac- 
tional transformation, or nondegenerate antiholomorphic linear-fractional transformation. 

Proof of the theorem 6.9 is similar to the proof of the theorem 6.3 and is based on the 
following auxiliary statement. 

Lemma 6.5. Let at n = 1 and I = {1} linear-fractional groups PL^ and PL'^ are 
smooth conjugated, and conjugating difjeomorphism f is such that: 

1) relations (6.10) are carried out; 

2) either 

f{PiVi,V2) = {Pifi{v)JM) for all v G CP\ p, 0, pi 1; (6.15) 

or 

f{PiVi,V2) = {Pifi{v),f2{v)) forallveCP\ p,^0,p,^l. (6.16) 

Then at (6.15) this homeomorphism looks like f{v) = {avi,V2) for all v G CP^; and at 
(6.16) this homeomorphism looks like f{v) = (au^,W2) for all v G CP^. 

Proof. Let the relations (6.10) are carried out. Differentiating in the card of the atlas 
M of the variety CP^ the identity (6.1) at = 0, we receive equality 

D^,^(0) dv-" + D_,V(0) dv^ = gi(D^,^(0) dv-" + D_, V(0) dv''). 

Owing to that / is a diffeomorphism, we have, that |D 2V'(0)| + |D_2 V(0)| > 0. Therefore 
from last equality we come either to the relation = Pi, or to the relation =Pi. 
In the first case the identity (6.15) takes place. Prom it we receive identities 

ij;[p[v'^) =p['^{v'^) for all G M2, for all I G Z, 
holomorphic differentiating which on v^, we come to identities 

D^2^(Pi"^) = D^2V'(^^^) for ah v"^ G M^, for all / G Z. 
Owing to that transformation is a diffeomorphism, we receive identity 

D^^il){v^) = a for all G M2. 

Prom here taking into account the relation (6.15) we come to the first representation from 
the given lemma. 

Similarly in the second case it is received the second representation from Lemma 6.5. ■ 

Theorem 6.10. Let the conditions of the lemma 6.4 are satisfied. Then for a sm,ooth 
conjunction of non-Abelian linear-fractional groups PL^ and PL^ of general situation it 
is necessary and sufficient them conjunction, which is carried out by either nondegenerate 
linear-fractional transformation, or nondegenerate antiholomorphic linear-fractional transfor- 
mation. 

Proof. The necessity. As well as at the proof of the lemma 6.4, from identities (6.1) we 
pass to identities (6.14). Purther owing to the theorem 6.2 we come to conclusion, that take 
place either relations (6.5) at r = 1 , or relations (6.6) at r = 1. 

Let relations (6.5) are carried out at r = 1 (a case of performance of relations (6.6) at 
r = 1 is considered similarly). We will consider the affine card of the atlas M of 

projective space CP". Owing to a course of the proof of the theorem 6.2 and theorems 3.4 
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smooth conjunction of narrowings of linear-fractional groups PL^ and PLp' on this card is 
carried out by nondegenerate linear R-holomorphic transformation. By direct calculations 
on the basis of parities (6.5) at r = 1 we are convinced, that a = and that nondegenerate 
linear transformation is holomorphic, as keeping eigenvalues of matrices. With the help of 
linear-fractional functions of transition between afiine cards of the atlas M on the basis of 
the aforesaid nondegenerate linear transformation we receive nondegenerate linear-fractional 
transformation. It also will be required conjugating diffeomorphism. 
The sufRciency is checked by direct calculations. 

Similarly to theorems 6.9 and 6.10 it is received following statements. 

Theorem 6.11. Let the conditions of the lemma 6.3 are satisfied. Then for a holomorphic 
conjunction of non-Abelian linear-fractional groups PL^ and PL^ of general situation it 
is necessary and sufficient them conjunction, which is carried out by nondegenerate linear- 
fractional transformation. 

Theorem 6.12. Let the conditions of the lemma 6.4 are satisfied. Then for a holomor- 
phic conjunction of non-Abelian linear-fractional groups PL^ and PL^ of general situation 
it is necessary and sufficient them conjunction, which is carried out by nondegenerate linear- 
fractional transformation. 



7. Applications to the complex nonautonomous projective 
matrix Riccati equations 

Theorems 6.1 — 6.3, 6.5 — 6.12, Lemmas 6.3 and 6.4 give the chance, being based on The- 
orems 1.1 — 1.3 to make topological, smooth, M-holomorphic, and holomorphic classifications 
of complex nonautonomous homogeneous projective matrix Riccati equations of a kind (5.1), 
and from Theorem 6.4 is received the following statement. 

Theorem 7.1. From topological equivalence of complex nonautonomous homogeneous 
projective matrix Riccati equations with non-Abelian phase groups of general situation follows 
them '^-holomorphic equivalence. 

As well as in point 4, from this theorem it is had, that complex nonautonomous homoge- 
neous projective matrix Riccati equations with coefficients, holomorphic on path connected 
holomorphic varieties with non-Abelian fundamental groups, are structurally unstable. 

Consider ordinary homogeneous projective scalar Riccati equations (i.e. ordinary homo- 
geneous projective matrix Riccati equations at n = 1) 

^ = a.(.). (7.1) 

and 

I = (7.2) 

where square matrices 21-^(2;) = ||aj^-^(z)|| and ^i{z) = ||bj^-^(z)|| of the size 2 consist from 
holomorphic functions O-u^i'. — )• C and b^^j^ : T^2' — ^ C, I = 1,2, k = 1,2. The common 
solutions of ordinary homogeneous projective scalar Riccati equations (7.1) and (7.2) define 
covering foliation and ^ , accordingly, on the varieties CP^ x F^^ and CP" x . 

The phase group Ph{^^) of covering foliation is generated by nondegenerate linear- 
fractional transformations Pj.v for all v € CP^, P^ € GL(2,C), r = l,...,^^, and phase 
group P/i(*p^) of covering foliation is generated by nondegenerate linear-fractional trans- 
formations Q^v for all v G CP^, Qr ^ GL{2, C), r = 1, . . . , 

In a commutative case on the basis of Theorems 6.1 and 1.2 we receive the statement. 

Theorem 7.2. Let matrices 

P^ = S'diag{pl^,P2r}'S'"^ r = l,...,ui, Qr = Tdiag{q^j.,q2r}T-^, r = 1,... ,1/3, i^i ^ 1^2- 
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Then for embedding of ordinary homogeneous projective scalar Riccati equation (7.1) in ordi- 
nary homogeneous projective scalar Riccati equation (7.2) it is necessary and enough existence 
of such bijective map x: {1, . . . jV^)—^ A and complex number a with Kea ^ — 1, that either 



or 



P2r 

Plr 
P2r 



Plr 



P2r 



Plr 



P2r 



,1^1, 



where the set A consists from numbers {l,...,f2}. 

In a noncommutative case on the basis of Lemma 6.3 and Theorem 1.2 it is had concrete 
constructive criteria of embedding of ordinary homogeneous projective scalar equations. 

And, at last, we will consider ordinary homogeneous projective scalar Riccati equations 



(7.1) and (7.2) in a case when square matrices ^i{z) = ||a;^]^(z)|| and ^i{z) = Wbn^iiz) 



C and b 



Ikl ■ 



of 

C, 



the size of 2 consist of 1-periodic holomorphic functions a^j^^ : C 
and, besides, functions bii.-^{z) are such that 

^ikii^ + = bikiix) for all X G [0, 1], Z = 1, 2, A; = 1, 2. 

The common solutions of ordinary homogeneous projective scalar Riccati equations (7.1) 
and (7.2) define covering foliations and accordingly, on the varieties CP^ x Z and 
CP" X r^, where is a torus, defined by evolvment 

K = {z = X + iy e C: X e [0,1], ye [0,1]}. 

The phase group Ph{^^) of covering foliation is generated by nondegenerate linear- 
fractional transformation P^v for all veCP^, Pi gGL(2,C), and the phase group Ph{^^) 
of covering foliation is generated by nondegenerate linear-fractional transformations Qj.v 
for all V G CP\ £ GL(2,C), r = 1,2. We will consider, that the cylinder Z covers the 
torus T^, under a condition, that the band of ^ Rez ^ 1 covers the square K. 

Owing to Theorems 6.1 and 1.3 we have the statement. 

Theorem 7.3. Let matrices 



Pi = Sdiag{pii,p2i}S \ =Tdiag{qi^,q2j.}T \ 



1,2. 



Then for covering of the projective scalar Riccati equation (7.2) by the projective scalar Riccati 
equation (7.1) it is necessary and enough existence of such index r G {1, 2} and corresponding 
to it complex numbers a.^ with Rea^ 7^ ~ 1) that either 



Qlr 
(l2r 



Pu 

P21 



Pu 



P21 



or 



Qlr 
(l2r 



Pu 

P2I 



Pu 



P21 



8. Phase groups of covering foliations, defined by real nonautonomous 

linear differential systems 

We will consider linear differential systems 



and 



dx = ^Aj{ti,...,t^)x dtj 



dx = Y^ Bj(ti, ...,t^)x dtj , 
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ordinary at m = 1 and completely solvable at m > 1, where x = (x^^, . . . , x„), square 
matrices A.{t^,...,t^) = \\a^^.{t^,...,t^)\\ and B.{t^,...,t^) = \Wf^.{t^,...,t^)\\ of the 
size n consist from holomorphic functions 

(^ikj'-^^^ and h^j.-:B^R, i = l,...,n, k = l,...,n, j = l,...,m, 

path connected holomorphic varieties A and B are holomorphically equivalent each other, 
fundamental groups 7Ti{A) and T^iiB) have final number G N of the forming. 

The common solutions of linear differential systems (8.1) and (8.2) define covering folia- 
tions £^ and S,^^, accordingly, on varieties R" x A and W- x B. 

We will say, that the linear differential systems (8.1) and (8.2) are topologically {smoothly, 
holomorphically) equivalent if exists the homeomorphism (the diffeomorphism, the holo- 
morphism) h: M" X ^ — >■ x B, translating the layers of the covering foliation 2,^ in 
the layers of the covering foliation 2,^^. Similarly we introduce the concepts of embedding 
(smooth embedding, holomorphic embedding) and covering {smoothly covering, holomorphi- 
cally covering) of linear differential systems. 

The phase group Ph{£,^) of the covering foliation is generated by the forming non- 
degenerate linear transformations P^w for all x G M", G GL(n,R), r = 1, . . . , z/, and the 
phase group Ph{S,^^) of the covering foliation is generated by the forming nondegener- 
ate linear transformations Qj.x for all x G M", G GL(n,]R), r = 1, . . . , z/. 

9. Conjunctions of linear actions on M" 

We will consider a problem about a finding of necessary and sufficient conditions of exis- 
tence such homeomorphism (diffeomorphism, holomorphism) /: M" — >■ R", that identities 

f{P^x) = QJ{x) for all x G M", for all r G /, (9.1) 

take place, where /(.x) = (/^(x), /„(x)), square matrices Pj.,Q^& GL{n,M) for all r 

Group of linear actions on M", formed by matrices P^ for all r £ I, we will designate 
through L^, and through we will designate the similar group, formed by matrices 
for all r E I. Besides, further everywhere strongly hyperbolic we will name matrices at which 
all own values are various among themselves and on the module are distinct from 1. 

Theorem 9.1. For the topological conjunction (9.1) at n = 1 of linear groups and 
it is necessary and enough, that 

Qr = Pr \Pr\" for all r & I , a > - 1. (9.2) 

Proof. The necessity. We will consider at first a case / = {1}. If = 1, that from (9.1) 
follows, that Qi = 1, and, hence, the relation (9.2) is carried out. 

li Pi = — 1, that on the basis of (9.1) it is had, that f{pfx) = qff{x) for all x G M, 
and, therefore qf = 1. At qi = I the coordination of orientations of maps in different parts 
of identity (9.1) is broken, owing to what qi = — 1. Hence, and in this case the relation (9.2) 
takes place. 

Let now \p-^\ / 1. Then from (9.1) follows, as \qi\ 7^ 1. And, means, exists a 7^ — 1, 
that (7i=Pi|Pi|" or q^ = — Pi|Pi|". 

If q^ = PiIpiI", that of (9.1) follows, that f{pf) = ^^+"V(1) for all k £ Z. We will 
admit, that a < — 1. Now we will pass in this equality to a limit: in the case \pi\ > 1 
at A; — > -|- 00, and in the case \pi\ < 1 at k — 00. Every time we will receive the 
contradiction. Therefore in the case qi =Pi|Pi|" number a > — 1. 

If ^1 = —PilPil"", that is broken a coordination of orientation of maps in different parts 
of identity (9.1). Uniting considered above possibility, we come to conclusion about justice of 
a relation (9.2) at / = {1}. 
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Consider now the case / ^ {1}. Owing to the proof of the previous part of the given 
statement it is had, that = Pr\Pr\"'' ■> cn^ > ~ 1) for a-H r E I, and thus \p^\ = 1 in only 
case when when = 1 for all /. 

Through we will designate set of such indexes r, that = \qj.\ = 1. 

We will consider 3 logic possibilities, when addition CI^ of sets 7^ to set I : 1) is empty; 
2) consists of one index; 3) consists of more than one index. 

If CIi = 0, I = Ii, and \pj.\ = = 1 for all r G I, that relations (9.1) take place at 
any real a. If CI^ = {r}, that in relations (9.1) can be put a = a^. 

Let Ip^^I 7^ 1, \prj 7^ 1, Vi ^ r-^ G CI^, r2 G C/^. Then from (9.1) follows, that 

f{p[_^Pr^x) = q\.^q'^J{x) for all a; G M, for all I G Z, for all n G Z. 

Owing to that the set of rational numbers is everywhere dense on set of real numbers, we 
conclude about existence of such sequences {1^} and {rig} of integers, that 

lim Pr^Pr?' = 1, lim \ls\ = lim \ng\ = + oo. 

S— >'+0O S— >'+00 s-^+c» 

Then 

f{x)= lim \prf'^'^''^''^''^^f{x) for all xgM. 

From here follows, that = a^.^ = a* > — 1. Therefore in relations (9.2) for a it is 
possible to take a* . 

The sufEciency is proved by construction of conjugating homeomorphism 

/: X — 7- x|x|" for all .x G M, a > — 1. M 

Theorem 9.2. Let at n > I and I = {1} real normal Jordan form of strongly hyperbolic 
matrix Pi G GL(n,M.) looks like 



J{Pi) 



JsiPl) 






where all eigenvalues of the matrix Jg{Pi) on the module are less than 1, and all eigenvalues 
of the matrix J„(Pi) on the module are more than 1, p = dim J g (Pi); real normal Jordan 
form of strongly hyperbolic matrix G GL(n,R) looks like 



JsiQi) 
UQi). 



where all eigenvalues of the matrix JgiQi) on the module are less than 1, and all eigenvalues 
of the matrix J^iQi) on the module are more than 1, q = dimJg(Qi). Then linear groups 
and are topological conjugated in only if, when 

p = q, det Jg {Pi ) det J, (Qi ) > 0, det J„ (P^ ) det J„ (Q^ ) > 0. 
Proof. Let the identities (9.1) take place at 7 = {1}. 

It is easy to see, that for linear actions the dimensions of stable both unstable invariant 
subspaces and orientations (positive or negative) of narrowings on these invariant subspaces 
are invariant at a topological conjuction. Therefore for the proof of the theorem it is enough to 
show a conjunction between real normal Jordan forms of the above-stated linear actions and 
the linear action defined by one of canonical matrices diagjee"^, e~^, . . . , e""^, e, . . . , e, 6e}, 
where = 1, (5^ = 1 (such linear action we will name canonical). 

For proof end we will result conjugating to canonical linear actions homeomorphisms of 
spaces M and M? for narrowings on stable and unstable invariant subspaces of the linear 
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action, corresponding to strongly hyperbolic matrix: 

1) homeomorphism 

-TiDT-i 

x-i^ Xi\X]\ ^ for all G M 

conjugates the linear action X^x^^ for all G M, < < 1, with the linear action e^^x^ 
for all G M: 

2) homeomorphism 

Xi\xi\ ^ for all xi G M 

conjugates the linear action XiX^ for all G M, — 1 < A;^ < 0, with the linear action 
— e~^X]^ for all G M; 

3) homeomorphism 

^1 ~^ ^il^il ^ ^1 G M 



conjugates the linear action A^^x^ for all x-^ G M, X{> 1, with the linear action ex-^ for all x^G M; 
4) homeomorphism 

1 



1-1 



|'°'^^'" forallxiGM 

conjugates the linear action A^x^ for all x^ G M, A^^ < — 1, with the linear action — ex^ 
for all Xi G M; 

5) homeomorphism 

(x^, X2) ^ (xi cos (tt In ^x'i + xi ) - X2 sin(7r In ^x'i + x^ ) , x^ sin(7r In ^^fT^) + 
+ X2COs(7rlnv/Sf+xf )) for all (x^, X2) G M2\{(0, 0)}, (0,0)^(0,0) 



conjugates the linear action — e^^Ix for all x G M^, where / there is an identity matrix of 
the second order, with the linear action e~^Ix for all x G M^; and also conjugates the linear 
action — elx for all x G with the linear action elx for all x G M^; 

6) homeomorphism 

/ / arctg— \ / arctg— \ 

(xi , Xo) I Xi cos I " In a/x? + Xo I — X9 sin I ^ In a/x? + Xo ) , 

^ ' V ' Vln V 1 2y 2 \^ln^^2+^2 V 1 2y> 

/ arctg— \ / arctg— \\ in^/a^T^ 

for all (xi,X2) G M2\{(0,0)}, (0,0)^(0,0) 

conjugates the linear action ( ^ ^ ) x for all x G M^, J ^ < 1, /3 7^ 0, with the 

V-/3 ol) 

linear action e^^Ix for all x G M^; 

7) homeomorphism 

/ / arctg- \ / arctg- \ 

(x„X2)^ InV^H^J -X2sm^ ^^^^^^^^ In^^H^J, 
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1 



/ arctg— \ / arctg— \\ ln^/oF+^ 

for all (xi, X2) G M2\{(0, 0)}, (0, 0) ^ (0, 0) 

conjugates the linear action { ^ ) a; for all x G M^, \/ + B"^ > 1, /? 7^ 0, with the 

V- /3 aj 

linear action elx for all x G M^. ■ 

Let's consider now a topological associativity of Abelian linear groups and L"^ at 
n > 1 and / 7^ {!}. Thus everywhere we will suppose further, that matrixes and Q.^. for 
all r £ I, arc strongly hyperbolic. In this case all matrixes P^. (matrixes Q^.) arc reduced 
to real normal Jordan forms J{Pj.) (real normal Jordan forms J{Qj.)), for all r £ I, by the 
general homothetic transformation and have an identical order of a disposition of real blocks 
of Jordan corresponding to real and complex eigenvalues. Further by means of replacement 
^(x) = T-V(Sx) for all x G R", where P^ = SJ{P^)S-\ = TJ{Q^)T-^ for all r G J, 
from identities (9.1) we will pass to identities 

C(J(PJx) = J(QJ^(x) for all xGM", for all r G /. (9.3) 

Therefore the topological associativity of Abelian linear groups and is equivalent 
to performance of identities (9.3). 

Owing to a course of the proof of Theorem 9.2 we come to conclusion, that the space 

can be divided into the direct sum of s co-ordinate subspaces M^* dimensions dimM^*" = 

such that they arc invariant steady or invariant unstable for contractions ./^(P,.) for all 

x'^ G M^*" and Jj.(Qj.)x^ for all x^ G m!^ accordingly, on these invariant subspaces, and the 

given contractions have identical orientation, for all r £ I; thus x = (x^, . . . , x''), 

s 

J(P,) = diag{Ji(P,),...,J,(P,)}, J(Q,) = diag{Ji(QJ,...,J,(Q,)} for all rel, J^l^ 



n. 

k=l 



Now let us consider the invariant subspace M.^. For the homeomorphism-narrowing 
^p. : — >■ m!^ of the homeomorphism ^ : R" — >■ MP on this invariant subspace from identities 
(9.3) follow the identities 

efc(4(P,)x^) = 4(Qfc)4(x'=) for all x*^ G for all r G /. 

Not belittling a generality, wc will consider, that the invariant subspace M^f' is unstable 

for linear maps J^,(Pi) x^ for all x'^ G M^*" and J^(Qi) x^ for all x^ G M^*" (for in case of 

a stability of an invariant subspace it is enough to consider linear maps J^^{P^)x^ for 

all x'^ G M^* and Jj^^{Qy)x^ for all x^ G '^^)- Using the homcomorphisms : — > M^,'" 

and Vf, : M^*" R^* of aspects 1) — 7) from the proof of the theorem 9.2, we will reduce linear 

maps Jf^{Pi)x^ for all x^ G r'^*" and Ji.{Qi)x^ for all x^ G R^*" accordingly, in one of two 

canonical (see the proof of the theorem 9.2) aspects: ex^ for all x^ G R^*" (in case of positive 

orientation of aforementioned linear maps), or diag{e, . . . , e, — e} x^ for all x^ G R^!° (in 
case of their negative orientation). Thus, taking into account the disposition of real blocks of 
Jordan noted before an order, by direct evaluations we are convinced, that images of maps 
Jf,{Pr) for all x^ G r'^*" and J,,{Qr) for all x^ G r'^'' keep linearity, and matrixes 
thus corresponding to again received linear maps are real normal Jordan forms of the same 
structure, as real normal Jordan forms ^^(P,.) and Jj^{Q^), accordingly, for all r G /\{1}- 
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Following auxiliary statements allow to solve a problem about a topological associativity 
for Abelian linear phase groups and of general situation. 

Lemma 9.1. Let at I = {1,2} the matrixes Pi = Qi = el, and the matrixes P2 and 
Q2 are represented by real normal Jordan forms. Then at a topological conjunction of linear 
groups and the matrixes P2 and Q2 have identical real structure. 

Proof. Let linear groups and are topologically conjugated, i.e. identities 

^{ex) = e^{x) for all a; gM", (9.4) 

and 

^{P2x) = Q2C{x) forallxGR". (9.5) 
take place. On the basis of (9.4) it is received, that 

Cki^x) _ 4(x) 



and, means, are fair representations 

- „ ( ^ 



k = 1, . . . ,n — \, 



, fc = l,...,n-l, (9.6) 



X 

as — , fc = l,...,n — 1, is a base of nondegenerate absolute invariants of map e x for 

all x G M". Owing to relations (9.4) — (9.6) we come to conclusion, that the topological 
conjunction 

h{P2v) = Q2h{v) for all v € MP"-\ (9.7) 

implies from a topological conjunction of linear groups and , where 

h{v) = {hi{v),...,h^{v)). 

Now justice of the statement of Lemma 9.1 implies from this the fact, that the number of 
fixed points of linear-fractional map P2V for all G RP"~^ (linear-fractional map Q2V for 
all V G MP"~^) coincides with number of eigenvectors of the matrix P2 (the matrix Q2).M 

Lemma 9.2. Let at I = {1,2} the matrixes Pi = Qi = e/, and the matrixes 

„ i f «12 ^12 \ ( "32 Ps2\ 1 

P2=diag<^ a h P2s+l,2>--->Pn2 ^ 

and 

^ \ ( 7l2 ^12\ ( ls2 ^s2\ 1 

are strongly hyperbolic, 

n-^ e.rgia,2+^^2) ^ Q, -"^ arg(7,,+z<5,,) ^ Q, '^^^''if.'i ^ Q, '"£^''1'^'^ ^ Q> 

ln(a;2 + iPi2) ln(7;2 + 1612) 

I k, k = l,...,s, l = l,...,s. 

Then for a topological conjunction of linear groups L^ and it is necessary and enough 
existence of such permutations p: (1, . . . , s)— >■ (1, . . . , s), x- (2'S+l, . . . ,n)^ (2s+l, ■ ■ ■ ,n) that 

7p(fe)2 = «ifc2> ^p{k)2 = ^k2^ k = l,...,s; q^^k)2=Pk2^ k = 2s + l,...,n. (9.8) 

Proof. The necessity. As well as at the proof of the lemma 9.1, we receive relations 
(9.4) — (9.7). On their foundation we come to conclusion, that the conjugating homeomor- 
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phism = {v, = 0, r = 1, . . . , n, r / 2/c — 1, r / 2A;}, k = 1, . . . ,s, of linear-fractional 
maps for all v G RP""^ and (^2^ ^-ll ^ MP""''^. It implies from this, that: 

1) 0{v) = for all v G L^, = 1, . . . , s, where O there is an orbit of a corresponding 
point at operations of the previous linear-fractional maps (it is proved on the basis of a con- 
sequence from the theorem of Kronecker [31] similarly course of the proof of Theorem 6.12); 

2) for remaining possible arcwise connected one-dimensional invariant sets , homeomor- 
phic to projective straight lines, property 0{v) = for all v E is not fulfilled (proved 
by reviewing of operations of the previous linear-fractional maps on bases of nondegenerate 
absolute invariants 



and 



<-i + < \ _ A„ 4i±Ma ..... 

+ Ps2 



., , exp In — 1^ arctg ■ 



Pc 9 ^94* PhO ^9c 1 

- arctg arctg — ^ -|- arctg— ^ arctg — —, k = l,...,s; 

'^s2 ^2fe-l '^k2 '"2s- 1 



^H^l "^^^ exp f In ^%±^ arctg ^ 

< / V Pn2 ^2s-l 

\Pn-l,2\ |P„2l ,„ IPfc2l 



n-i h^n > k = 2s + l,...,n-2; 




-arctg — 



^ rk2 + H2 ^2. 



exp In arctg 

ls2 + '^s2 ■"2s-l 



arctg arctg -|- arctg — arctg , k = l,...,s; 

%2 V2k-1 7fe2 ^2s-l 

^^-4 exp In -^4 arctg ; 



Qn2 



^n-l 



v„ , = 2s -I- 1, . . . , n — 2, 



of zero degree of a homogeneity corresponding to them). 

Introducing auxiliary variables = ^2fe-i"'"^^2fc' k = 1, . . . , s, on the basis of Theorem 3.1 
we come to the first part of relations (9.8). 

Besides, the homeomorphism h translates each other points 

0^ = {v, ■Ut- = 0, T = 1, . . . , n, T k}, k = 2s + 1, . . . ,n 

(being fixed for linear-fractional maps Q2V for all v G RP'""^). Now by similar reasonings 

on the basis of (9.5) — (9.7) and Theorem 9.1 it is received the second part of relations (9.8). 
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The sufficiency is proved by direct evaluations application of conjugating homeomorphism 

^(^) = (^2p(l)-l'^2p(l)' ■ ■ ■ '^2p(s)-l'^2p(s)'^x(2s+l)' ■ ■ ■ '^x(n)) X G M". 

Following statements it is received on the basis of two previous, Theorem 9.1 and that fact, 
that for linear map diag {e, . . . , e, — e} x for all x G dimension of a maximum invariant 
subspace on which the contraction of this map has positive orientation, is an invariant at a 
topological conjunction. ■ 

Lemma 9.3. Let at I = {1,2} the matrixes = = diag {e, . . . , e, — e}, and 
the matrixes P2 and Q2 are represented by real normal Jordan forms. Then at a topolog- 
ical conjunction of linear groups and the matrixes P2 and Q2 have identical real 

structure. 

Lemma 9.4. Let at L = {1,2} the matrixes P^ = = diag {e, . . . , e, — e}, and the 
matrixes 

and 

'^^=''"n(-^" 

are strongly hyperbolic, 

TT-i arg(aj.2 + ^^^2) ^ ^r-^ arg(7j^2 + i^k2) ^ 

ln(a,2 + ?A2) ln(7,2 + ?5,2) 

Then for a topological conjunction of linear groups L^ and L'^ it is necessary and enough 
existence of such permutations p: (1, . . . , s) — >■ (1, . . . %: (2s + l, . . . ,n) — >■ (2s + l, . . . ,n) 
that relations (9.8) are fulfilled. 

In case of smooth and holomorphic conjunctions of linear groups and the following 

statement takes place. 

Theorem 9.3. Linear groups L^ and L'* are smoothly {holomorphic) conjugated in only 
case when they are linearly conjugated. 

Proof. The necessity. Let identities (9.1) take place. Calculating in them Jacobi matrix 
in the point a; = 0, we have matrix equalities D^/(0)P,. = D^/(0) for all r & I . 

Therefore linear map D^/(0)x for all x G satisfies to identities (9.1). As / is a 
diffeomorphism (holomorphism) , it is nondegenerate. 

The sufEciency is checked by direct evaluations. ■ 



10. Applications to real nonautonomous linear differential systems 

Theorems 9.1 — 9.3, and also the algorithm based on Lemmas 9.1 — 9.4, allows on the 
basis of Theorems 1.1 — 1.3, to spend topological, smooth and holomorphic classifications of 
real nonautonomous linear differential systems of the aspect (8.1). 

Besides, on the basis of the received algorithm it is possible to draw a conclusion, that real 
completely solvable (i.e. at two and more independent variables) linear differential systems 
with periodic coefficients are structurally unstable (the commutativity of phase groups of the 
given class of differential systems implies from a commutativity of fundamental group of a 
many-dimensional torus) . 

We will notice, that the theorem 9.2 on the basis of the theorem 1.1 gives criterion of a 
structural stability of real linear ordinary differential systems with periodic coefficients. 
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11. Phase groups of covering foliations, 
defined by real nonautonomous Riccati equations 

We will consider Riccati equations 

m 

= Xl("2j(*n ■ ■ ■ >*m)^^ + aijih, ■■■,tm)x + aojih, ■ ■ ■ >*m)) dtj (11.1) 

3=1 

and 

m 

= X](^2j(*l, ■■■.tm)x'^ + hjih, ■■■,tm)x + " " " '*m)) dtj (11.2) 

ordinary at m = \ and completely solvable at m > 1, where holomorphic functions : A— t-M 
and : i? — t- M, i = 0,1,2, j = 1, . . . ,m, path connected holomorphic varieties A and 
B are holomorphic equivalent each other, fundamental groups 7ri{A) and vrj^(-B) have final 
number i/" G N of the forming. 

The common solutions of Riccati equations (11.1) and (11.2) define covering foliations 
and accordingly, on varieties M x ^ and R X B, where R is a real straight line R, 
supplemented by the point at infinity oo. 

We will say, that real Riccati equations (11.1) and (11.2) are topologically {smoothly, 
holomorphically) equivalent if exists a homeomorphism (a diffeomorphism, a holomorphism) 
h: Mx^— T-Mxi?, translating the layers of the covering foliation in the layers of the cov- 
ering foliation Similarly wc enter concepts of embedding (smooth embedding, holomorphic 
embedding) and covering (smoothly covering, holomorphically covering) of Riccati equations. 

The phase group P/i(q}^) of the covering foliation is generated by the forming non- 
degenerate linear-fractional transformations 

P (x) = PirX+P2r for ah X G R, r = l,...,i/, (11.3) 
to which we will put in accordance nondegenerate matrices = ( J, r = 1, . . . ,v\ 



^PZr P4r, 

phase group Ph(^^) of the covering foliation is generated by the forming nondegenerate 
linear-fractional transformations 

Q^(x) = '^^''^ ^ for all X G 1, r = 1, . . . , v, (11.4) 



to which we will put in accordance nondegenerate matrices 



llr l2r 
Q3r l4r 



12. Conjunctions of linear-fractional actions on R 

Consider a problem about a finding of necessary and sufficient conditions of existence such 
homeomorphism (diffeomorphism, holomorphism) / : R — > R that identities 

f(Pr(x)) = Qr(f(x)) for all xeW, for ah r G I, (12.1) 

take place, where square matrices G GL(2,R), G GL(2,R) for all r £ I. 

Group of linear-fractional actions on R, formed by matrices P^ for all r £ I we will 
designate through PL^, and through PL^ we will designate the similar group formed by 
matrices for all r G /. 

Consider at first of the Abelian real linear- fractional phase groups. 

Let's prove some auxiliary statements on which basis we will receive criteria of topological, 
smooth and holomorphic conjunctions of Abelian real linear-fractional phase groups. 
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Lemma 12.1. Let f is a homeomorphism, cojugating linear-fractional phase groups 
PL^ and PL^. Then real normal Jordan forms of all matrices P^ and Q^, defining by 
nonidentical linear-fractional transformations, have the same structure, r = 1, . . . 

The proof of the given statement is spent on the basis of that fact, that the quantity of 
fixed points of nonidentical hnear-fractional maps (11.3) (maps (11.4)) coincides with number 
of eigenvectors of corresponding matrices P^. (matrices Q^.) for all r G /. ■ 

Lemma 12.2. For a topological conjugation of Abelian linear-fractional groups PL^ and 

PL^ it is necessary, that real normal Jordan forms of all matrices P^ and for all r E I 
defining nonidentical linear-fractional transformations, had the same structure. 

The proof of the given statement is spent on the basis of Lemma 12.1 and that fact that 
material normal Jordan forms of all permutable among themselves the matrices of the second 
order defining nonidentical linear-fractional transformations, have the same structure. ■ 

Theorem 12.1. Let matrices P^ = S 6.\&g{p-^^,P2r} , = T diag{qij,,q2r} T~^ for 
all r £ I. Then for a topological conjugation of linear-fractional groups PL^ and PL^ it is 
necessary and enough, that 



Qlr __ Plr 
Q2r P2r 



Plr 



P2r 



for all r G /, -1. (12.2) 



Proof. Since groups PL^ and PL"^ are topological conjugated, then identities (12.1) take 
place. With the help of replacement ^: x T~^ ° f ° S{x) for all a; G M, from identities 
(12.1) we pass to identities 

^(diag{pi^,P2r}(a;)) = diag{gir,g2r}(^(a^)) for all x G M, for all r G /. (12.3) 

Hence, the topological conjunction of groups PL^ and PL^ is equivalent to performance 
of identities (12.3). 

The necessity. Let identities (12.3) take place. 

If all = 1 for all r G I, then from (12.3) it is received, that = 1 for all r & I. 

P2r Q2r 

Therefore in this case relations (12.2) arc carried out at a = 0. 

Let now — 7^ 1, r G {l,...,z/}. Then on the basis of identities (12.3) we come to 

P2r 

conclusion, that either ■0(0) = 0, or -0(0) = 00. 

Let ^(0) = 0. Directly from the theorem 9.1 we have relations (12.2) at a> — 1. 

Let now ^(0) = 00. Then by means of replacement ^ = we come to the previous case 

and as a result we receive relations (12.2) at a < — 1. 

The sufficiency is proved by construction of conjugating homeomorphism 

^: X ^ 7x|x|"^ for all x G M. ■ 

Theorem 12.2. Let matrices 

„ ^ / cos a;„ — sin a„ \ ^ , , , 

\ sin cos J 

Qr = Th'f ~"^^:)t-\ /3,G(-7r,7r], for all re I. 
\ sm Pj. cos Pj. J 

Then for topological, smooth and holomorphic conjunctions of linear-fractional groups PL^ 
and PL^ it is necessary and enough, that either 

Pj. = for all r e I, (12.4) 

or 

(3^= -a^ for all r el. (12.5) 
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Proof. Similarly, as well as at the proof of the theorem 12.1, we come to conclusion, 
that the topological conjunctions of groups PL^ and PL^ is equivalent to performance of 
identities 

^(x)coS/S„ - sin/3„ „ „ Wi; r n 
^ ^ for all X eR, for all r el. 



^x sin a J. + cos a J. J ^(x) sin^S^ + cos 

We will establish a homeomorphism between expanded real line R and an unit circle 
by means of map 

— / TT TT" 

(: X ^ 2arctga; for all x G M, arctgx ^ \ ~ '2 ' '2 ' 
Now with the help of replacement 

(/j: t C o ?o C"H*) for all t e ( - 7r,7r], 
from last identities we come to equivalent identities 

(p{{t - 2a^)(mod27r)) = {ip{t) - 2/3^)(mod27r) for all te{- 7r,7r], for aU r e I. 

The necessity. On the basis of that fact, that circle rotations on angles a and /3, where 
— 7r<a^7r, — 7r<^^7r, are topological conjugated by: 

1) positive oriented homeomorphism, if and only if a = P; 

2) oriented homeomorphism, if and only if a = — f3] 

we come either to conditions (12.4), or to conditions (12.5), accordingly. 

The sufEciency is established by application of conjugating identical map at performance 
of conditions (12.4) and by application of conjugating holomorphism 

if. t(mod27r) — )■ ( — t)(mod27r) for all t G ( — vr, vr] 

in case of performance of conditions (12.5). I 

Theorem 12.3. Let matrices Pr = S (I S-\ Q^ = T (1 ) T-^ for all r e I. 



Then for topological, smooth and holomorphic conjunctions of linear-fractional groups PL^ 
and PL'^ it is necessary and enough, that 

= Xp^ for all r G /, A ^ 0. (12.6) 

Proof. As well as earlier, we receive, that the topological conjunction of groups PL^ and 
PL^ is equivalent to performance of identities 

C{x + Pr) = C{x) + qj. for all x G 1, for all r G /. (12.7) 

The necessity. Let identities (12.7) take place. 

If all Pr = for all r G /, from (12.7) it is received that qr = for all r G /. Therefore 
in this case the relations (12.6) are carried out. 

U p^ = for all r e I, r ^ k, p^ ^ 0, then from (12.7) it is had, that = for all 

r E I, r k, qu 0, and in quality of A it is possible to take number — . 

Pr 

Let now p^ p^ / 0, r^ e I, r2 G /. Prom (12.7) it is received, as q^ q^ 7^ 0. 

Pr I 

Consider at first a case, when ^ = A = -GQ, / gZ, wGZ. Then owing to identities 

Pr, n 

(12.7) at r = Vi it is had, that ^(x + Ip^.^) = ^(x) + Iq^.^ for all x G M, and at r = r2 it is 

received, that ^(x + Ipr^) = ^{x + np^.^ = ^(x) + nq^^ for all x G M. Comparing the right 
parts of last expressions, we receive relations (12.6) at r = and r = 

Pr 

Let — - = A 7^ Q. Owing to density of set of rational numbers in set of real numbers 

Pr, 
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there are such sequences {Ig} and {n^} of integers, that 

\ls\^ +00, |?^s| ^ +00, — — at + 00. 

Prom identities (12.7) at r = r\ it is received, that i{x + 1 gP,.^ — £,{x) = Igq^^ for all xGR, 
and at r = r2 it is received, that C(x + UgXp^^) — S,{x) = UgQ^^ for all a; G M. Proceeding 
from two last expressions, we receive the following chain of relations: 

gx + igp )-i{x) -1 -1 X -1 

1 = lim — ; r — -— = lim („o„ Or = Xq^ . 

$^{x + ngXp^^) - i{x) s^+00 ^^'^i * ^'•i'="-2 

From here follows justice of relations (12.6) at r = and r = rg. 

Justice of relations (12.6) is similarly proved and at r = r^^, p^^ / 0, / r^. If 

Pj.^ = 0, then from (12.7) it is had q^.^ = and relations (12.6) at r = take place. 

The sufEciency is established by application of conjugating holomorphism 

^(x) = qr_^Pr_^x for all G M 

in case there is such index ri G /, that p^^ / 0, and identical map otherwise. ■ 

On the basis of the theorem 9.4 it is similar to the theorem 4.1 we receive the statement. 
Theorem 12.4. Let the conditions of the theorem 12.1 are satisfied. Then for smooth 

and holomorphic conjunctions of linear-fractional groups PL^ and PL'^ it is necessary and 

enough, that 



l2r \P2r, 

Consider now a case of non-Abelian linear- fractional groups PL^ and PL'^. 

Theorem 12.5. From a topological conjunction of non-Abelian linear-fractional groups 
PL^ and PL^ of general situation follows them holomorphic conduction which is carried out 
by nondegenerate linear-fractional transformation. 

Proof of the given theorem is spent on the basis of following auxiliary statements from 
which Theorems 12.6 and 12.7 define constructive criteria of topological, smooth and holo- 
morphic conjunctions. I 

Theorem 12.6. Let conjugating of nondegenerate linear-fractional transformations (11-3) 
and (11.4) homeomorphism /: M — >■ R is such that: 

1) the matrix Pi has pair of complex conjugated roots cos a it isina, a G ^ — 

2) -^Q. 

TT 

Then this homeomorphism represents nondegenerate linear-fractional transformation. 
Proof. Let identities (12.1) are carried out. Present the matrix P^ in a kind 



TT TT 

2 ' 2 



cos a — sin a 
sin a cos a 



Owing to Lemma 12.1 and Theorem 12.2 for the matrix one of following two repre- 
sentations takes place: 



Qi 



cos a ^ sm a ^ 
± sin a cos a , 



It is similar, as well as at the proof of the theorem 12.2, from identity (12.1) at r = 1 we 
pass to identity 

(p{{t - 2a)(mod27r)) = {(p{t) ^ 2a)(mod27r) for aU te{- 7r,7r]. (12.8) 

On the basis of (12.8) it is had following relations 
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(/?((2/a)(mod27r)) = (99(0) ± 2/a)(mod27r) for all / G Z. (12.9) 

Owing to a consequence from Kronecker theorem [31, p. 314 - 315] and conditions 2 
of these theorems it is had, that for everyone t G ( — 7r,7r] there is such sequence {^^(i)} 
integers, that lim (21 At) a)(mod27r) = t. Prom here, using relations (12.9), we come to 

s—^+co 

conclusion, that homeomorphism, satisfying to identity (12.8), knows 

ip{t) = (99(0) ± t)(mod27r) for all t G ( - 7r,7r]. 

Applying now in other replacement procedure, inverse already used, from last conjugating 
homeomorphism we come to required nondegenerate linear- fractional transformation. ■ 

Lemma 12.3. Let conjugating of nondegenerate linear-fractional transformations (11.3) 
and (11.4) homeomorphism /: M — >■ R is such that: 

1) /(O) = 0, /(oo) = 00; (12.10) 

2) /(Ax) = \\\\'^f{x) for all xeR, a> - 1; (12.11) 
^' 'i^)=mi^ Ma«.el. H + W>0; (12.12, 



4) the matrix P = ~ ^ (^0 l) ^ such that |//| / 1, 

5) the subgroup of the group R*^. of positive real numbers on the multiplication, formed by 
numbers \\\ and ^ , is dense in the set of positive real numbers. 

Then this homeomorphism looks like 

f{x) = for all x eW. (12.13) 

Proof. Let conditions (12.10) (12.12) are satisfied. Owing to the condition 4 of lemma, 
relations (12.10), (12.11), Lemma 12.1 and Theorem 9.1 we come to conclusion, that the 

A B\ 0\__i . „ _ 



matrix Q=|^^ ^j=T\^^ ^ j T^Ms such that In |;^| In |6l| > 0, T - . ^ ^ 

On the basis of (12.11) and (12.12) we receive relations 

/(A*^(P™)'(a;)) = A'=|A|^°(Q™)'(/(a;)) for all a; G M, for all A;,/,m G Z. 

Passing in them to a limit at m — >■ — 00 if > 1, and to a limit at m — >■ + 00 if 
< 1, we have 

/^A'=(|^y j = A'^IAI'^^^^j for all A; gZ, for all / G Z. (12.14) 



Prom the condition 5 of Lemma 12.3 follows, that for any positive real number x > Q 
exist such sequences {^^(a;)} and {ls{x)} of even integers, that 

kAx)\= lim \lAx)\= +00, lim A'*'"^^-'! 



lim \kAx)\= lim |L(x)| = +00, lim X'^o^^H^] = x. 



Prom here on the basis of relations (12.14) it is received, that 



f{x) = x\x\°' lim 



for all X > 0, 



where 



. As from the condition 5 this lemma follow, that 



lim 



(fi-a)l,{x) _ ^ 
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Therefore, 

/(x) = x|x|" for all x > 0. (12.15) 

Having executed replacement ^{x) = — f{ — x) for all x G M, for homeomorphism ^ by 
the reasonings similar resulted above, we come to relations ^(x) = x|x|" for all x > 0, and 
from them with the help of return replacement we come to relations 

fix) = x|x|° for all x < 0. (12.16) 

Uniting formulas (12.10), (12.15) and (12.16), we come to representation (12.13). I 

Now by direct calculations on the basis of identity (12.13) we do a conclusion, that in case 
of general situation at performance of conditions of the lemma 12.3 conjugating homeomor- 
phism looks like /(x) = X for all x G M. 

Now on the basis of the reasonings similar resulted at proof of the theorem 12.1, taking 
into account the theorem 12.6, we come to the statement of the theorem 12.5. 

At first we will consider smooth and holomorphic conjunction of Abelian linear-fractional 
groups PL^ and PL^. 

Theorem 12.7. Let conditions of the theorem 12.1 are satisfied. Then for smooth (holo- 
morphic) conjunction of Abelian linear-fractional groups PL^ and PL'^ it is necessary and 

enough, that — = (^— ^ for all r & I, 8^ = 1. 

Proof of the given statement is similar to the proof of the theorem 12.1 and is based on 
the theorem 9.3. I 

In case of non-Abelian linear-fractional groups PL^ and PL^ the following statement 
takes place. 

Theorem 12.8. From a smooth conjunction of non-Abelian linear-fractional groups PL^ 
and PL^ follows them conjunction, which is carried out by nondegenerate linear-fractional 

transformation. 

Proof of this theorem is spent similarly to the proof of the theorem 12.5 on the basis of 
following three auxiliary statements. ■ 

Lemma 12.4. Let diffeomorphism /: R ^ M is such that: 

1) relations (12.10) are carried out; 

2) /(Ax) = A/(x) for all xeR, A 7^ 0, A 7^ 1. (12.17) 
Then this diffeomorphism looks like 

/(x) = ax for all x G 1. (12.18) 

Proof. Prom (12.17) we come to conclusion about justice of relations 

/(A'x) = A'/(x) for all x G M, for all I G Z, 

differentiating which on x, we come to identities 

/'(A'x) = fix) for all x G M, for all / G Z. 

Owing to that map / is a diffeomorphism, we receive identity 

/'(x) = a for all x G M. 

Prom here taking into account relations (12.17) we come to representation (12.18). I 

Similarly we prove the following statement. 

Lemma 12.5. Let diffeomorphism /: M— >■ M is such that: 

1) /(oo) = 

2) f{x-\-p) = f{x) + q for all x G M, pq 0. 

Then this diffeomorphism looks like /(x) = qp~^x -\- a for all x G M. 
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Lemma 12.6. Let diffeomorphism /: M — t- M is such that 



f 



( 



X sin a + cos a 



X cos a — sm a 



) 



if{x) sin /3 + cos /3 



f{x) cos /3 =F sin /3 



for all X G M, sin a 7^ 0. 



Then this diffeomorphism represents nondegenerate linear-fractional transformation. 

Proof. It is similar, as well as at the proof of theorems 12.2 and 12.6, from identity from 
a condition of the lemma 12.6 we pass to identities (12.8); and from it we pass to identities 

ip{{t - 2/a)(mod27r)) = {(p{t) =f 2/Q)(mod27r) for all te{~ 7r,7r], for all I G Z. 

Differentiating last identities on t , taking into account that map </? is a diffeomorphism, 
in a similar way, as well as earlier, we receive representations 



Now it is similar to the proof of the theorem 12.6 we come to conclusion, that conjugating 
homeomorphism / is nondegenerate linear-fractional transformation. ■ 

On the basis of the theorem 12.8 and a course of proofs of theorems 12.2 — 12.4 it is had 
such statement. 

Theorem 12.9. From a smooth conjunction of linear-fractional groups PL^ and PL^ 
follows them holomorphic conjunction which is carried out by nondegenerate linear-fractional 
transformation. 



Theorems 12.1 — 12.9 and Lemmas 12.1 — 12.6 allow on the basis of Theorems 1.1 — 1.3 
to spend topological, smooth and holomorphic classifications of real nonautonomous Riccati 
equations of a kind (11.1). Besides, from the theorem 12.5 it is had such statement. 

Theorem 13.1. From topological equivalence of real nonautonomous Riccati equations 
with non-Abelian phase groups of general situation follows them holomorphic equivalence. 

Prom the given theorem, in particular, follows, that real nonautonomous Riccati equations 
with coefficients, holomorphic on path connected holomorphic varieties with non-Abelian 
fundamental groups, are structurally unstable. 



(fit) = ( ± t + a)(mod 27r) for all i G ( - tt, vr]. 



13. Applications to real nonautonomous Riccati equations 
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